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Neng - Nash Equilibrium Non-cooperative games

[image: neng logo]
Neng is a tool for computing Nash equilibrium in non-cooperative games (the strategic situation where contestants/players facing each other and not making any alliances). The game is represented by payoffs or outcomes for every combination of actions of every players. Every player has at least two strategies from which he can freely choose.

Nash equilibrium is presenting to us balanced situation, thus situation where no player wants to change his strategy. It’s important to tell that it does not tell us when the players has biggest outcomes.
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neng Package





	mod:	neng Module








	
neng.neng.main()[source]

	Main method of script. Based on information from arguments executes needed
commands.






	
neng.neng.parse_args()[source]

	Parse arguments of script.





	Returns:	parsed arguments


	Return type:	dict










game Module


	
class neng.game.Game(nfg, trim='normalization')[source]

	Bases: object

Class Game wrap around all informations of noncooperative game. Also
it provides basic analyzation of game, like pureBestResponse, if the game
is degenerate. It also contains an algorithm for iterative elimination
of strictly dominated strategies and can compute pure Nash equilibria
using brute force.


	usage:

	>>> g = Game(game_str)
>>> ne = g.findEquilibria(method='pne')
>>> print g.printNE(ne)









Initialize basic attributes in Game





	Parameters:	
	nfg (str) – string containing the game in nfg format

	trim (str) – method of assuring that strategy profile lies in Delta space,’normalization’|’penalization’










	
IESDS()[source]

	Iterative elimination of strictly dominated strategies.

Eliminates all strict dominated strategies, preserve self.array and
self.shape in self.init_array and self.init_shape. Stores numbers of
deleted strategies in self.deleted_strategies. Deletes strategies
from self.array and updates self.shape.






	
LyapunovFunction(strategy_profile_flat)[source]

	Lyapunov function. If LyapunovFunction(p) == 0 then p is NE.


[image: x_{ij}(p)           & = u_{i}(si, p_i) \\ y_{ij}(p)           & = x_{ij}(p) - u_i(p) \\ z_{ij}(p)           & = \max[y_{ij}(p), 0] \\ LyapunovFunction(p) & = \sum_{i \in N} \sum_{1 \leq j \leq \mu} z_{ij}(p)^2]


Beside this function we need that strategy_profile is in universum
Delta (basicaly to have character of probabilities for each player).
We can assure this with two methods: normalization and penalization.





	Parameters:	strategy_profile_flat (list) – list of parameters to function


	Returns:	value of Lyapunov function in given strategy profile


	Return type:	float










	
METHODS = ['L-BFGS-B', 'SLSQP', 'CMAES', 'support_enumeration', 'pne']

	




	
checkBestResponses(strategy_profile)[source]

	Check if every strategy of strategy profile is best response to other
strategies.





	Parameters:	strategy_profile (StrategyProfile) – examined strategy profile


	Returns:	whether every strategy is best response to others


	Return type:	bool










	
checkNEs(nes)[source]

	Check if given container of strategy profiles contains only Nash
equlibria.





	Parameters:	nes – container of strategy profiles to examine


	Returns:	whether every strategy profile pass NE test


	Return type:	boool










	
findEquilibria(method='CMAES')[source]

	Find all equilibria, using method





	Parameters:	method (str, one of Game.METHODS) – of computing equilibria


	Returns:	list of NE, if not found returns None


	Return type:	list of StrategyProfile










	
getDominatedStrategies()[source]

	



	Returns:	list of dominated strategies per player


	Return type:	list










	
getPNE()[source]

	Function computes pure Nash equlibria using brute force algorithm.





	Returns:	list of StrategyProfile that are pure Nash equilibria


	Return type:	list










	
isDegenerate()[source]

	Degenerate game is defined for two-players games and there can be
infinite number of mixed Nash equilibria.





	Returns:	True if game is said as degenerated


	Return type:	bool










	
isMixedBestResponse(player, strategy_profile)[source]

	Check if strategy of player from strategy_profile is best response
for opponent strategies.





	Parameters:	
	player (int) – player who should respond

	strategy_profile – strategy profile






	Returns:	True if strategy_profile[players] is best response




	Return type:	bool












	
payoff(strategy_profile, player, pure_strategy=None)[source]

	Function to compute payoff of given strategy_profile.





	Parameters:	
	strategy_profile (StrategyProfile) – strategy profile of all players

	player (int) – player for whom the payoff is computed

	pure_strategy (int) – if not None player strategy will be replaced by pure strategy of that number






	Returns:	value of payoff




	Return type:	float












	
printNE(nes, payoff=False)[source]

	Print Nash equilibria with with some statistics





	Parameters:	
	nes (list of StrategyProfile) – list of Nash equilibria

	payoff (bool) – flag to print payoff of each player






	Returns:	string to print




	Return type:	str












	
pureBestResponse(player, strategy)[source]

	Computes pure best response strategy profile for given opponent strategy
and player





	Parameters:	
	player (int) – player who should respond

	strategy (list) – opponnet strategy






	Returns:	set of best response strategies




	Return type:	set of coordinates


















game_reader Module


	
class neng.game_reader.GameReader[source]

	Bases: object

Read games from different file formats (.nfg payoff, .nfg outcome), see
http://www.gambit-project.org/doc/formats.html for more information.


	
readFile(file)[source]

	Read content of nfg file.





	Parameters:	file (str) – path to file


	Returns:	dictionary with game informations


	Return type:	dict










	
readStr(string)[source]

	Base function that convert text to tokens a determine which





	Parameters:	string (str) – string with nfg formated text


	Returns:	dictionary with game informations


	Return type:	dict


	Raise :	Exception, if the string is not in specified format














	
neng.game_reader.read(content)[source]

	






strategy_profile Module


	
class neng.strategy_profile.StrategyProfile(profile, shape, coordinate=False)[source]

	Bases: object

Wraps information about strategy profile of game.





	Parameters:	
	profile (list) – one- level list of probability coefficients

	shape (list) – list of number of strategies per player

	coordinate (bool) – if True, then profile is considered as coordinate in game universum (depict pure strategy profile)










	
copy()[source]

	Copy constructor for StrategyProfile. Copies content of self to new object.





	Returns:	StrategyProfile with same attributes










	
normalize()[source]

	Normalizes values in StrategyProfile, values can’t be negative,
bigger than one and sum of values of one strategy has to be 1.0.





	Returns:	self










	
randomize()[source]

	Makes strategy of every player random.





	Returns:	self










	
randomizePlayerStrategy(player)[source]

	Makes strategy of player random.





	Parameters:	player (int) – player, whos strategy will be randomized


	Returns:	self










	
updateWithPureStrategy(player, pure_strategy)[source]

	Replaces strategy of player with pure_strategy





	Parameters:	
	player (int) – order of player

	pure_strategy (int) – order of strategy to be pure






	Returns:	self


















cmaes Module


	
class neng.cmaes.CMAES(func, N, sigma=0.3, xmean=None)[source]

	Bases: object

Class CMAES represent algorithm Covariance Matrix Adaptation - Evolution
Strategy. It provides function minimization.





	Parameters:	
	func (function) – function to be minimized

	N (int) – number of parameter of function

	sigma (float) – step size of method

	xmean (np.array) – initial point, if None some is generated










	
checkStop()[source]

	Termination criteria of method. They are checked every iteration. If any of them is true, computation should end.





	Returns:	True if some termination criteria was met, False otherwise


	Return type:	bool










	
fmin()[source]

	Method for actual function minimization. Iterates while not end.
If unsuccess termination criteria is met then the method is restarted
with doubled population. If the number of maximum evaluations is
reached or the function is acceptable minimized, iterations ends and
result is returned.





	Return type:	scipy.optimize.Result










	
initVariables(sigma, xmean, lamda_factor=1)[source]

	Init variables that can change after restart of method, basically that
are dependent on lamda.





	Parameters:	
	sigma (float) – step size

	xmean (np.array) – initial point

	lamda_factor (float) – factor for multyplying old lambda, serves for restarting method














	
logState()[source]

	Function for logging the progress of method.






	
newGeneration()[source]

	Generate new generation of individuals.





	Return type:	np.array


	Returns:	new generation










	
restart(lamda_factor)[source]

	Restart whole method to initial state, but with population multiplied
by lamda_factor.





	Parameters:	lamda_factor (int) – multiply factor










	
result[source]

	Result of computation. Not returned while minimization is in progress.





	Returns:	result of computation


	Return type:	scipy.optimize.Result










	
update(arfitness)[source]

	Update values of method from new evaluated generation





	Parameters:	arfitness (list) – list of function values to individuals














	
neng.cmaes.fmin(func, N)[source]

	Function for easy call function minimization from other modules.





	Parameters:	
	func (function) – function to be minimized

	N (int) – number of parameters of given function






	Returns:	resulting statistics of computation with result




	Return type:	scipy.optimize.Result














support_enumeration Module


	
class neng.support_enumeration.SupportEnumeration(game)[source]

	Bases: object

Class providing support enumeration method for finding all mixed Nash
equilibria in two-players games.


	
getEquationSet(combination, player, num_supports)[source]

	Return set of equations for given player and combination of strategies
for 2 players games in support_enumeration

This function returns matrix to compute (Nisan algorithm 3.4)

For given [image: I] (subset of strategies) of player 1 we can write down next
equations:


[image: \sum_{i \in I} x_i b_{ij} = v \\ \sum_{i \in I} x_i = 1]


Where [image: x_i] is probability of ith strategy, [image: b_{ij}] is payoff for player
2 with strategies [image: i \in I, j \in J], [image: v] payoff for player 1

In matrix form (k = num_supports):


[image: \begin{pmatrix} b_{11} & b_{12} & \cdots & b_{1k} & -1 \\ b_{21} & b_{22} & \cdots & b_{2k} & -1 \\ \vdots  & \vdots  & \ddots & \vdots & -1 \\ b_{k1} & b_{k2} & \cdots & b_{kk} & -1 \\ 1      &    1   & \cdots &  1     &  0 \end{pmatrix} \begin{pmatrix} x_1 \\ x_2 \\ \vdots \\ x_k \\ v \end{pmatrix} = \begin{pmatrix} 0 \\ 0 \\ \vdots \\ 0 \\ 1 \end{pmatrix}]


Analogically for result y for player 2 with payoff matrix A





	Parameters:	
	combination (tuple) – combination of strategies to make equation set

	player (int) – order of player for whom the equation will be computed

	num_supports (int) – number of supports for player






	Returns:	equation matrix for solving in np.linalg.solve




	Return type:	np.array












	
supportEnumeration()[source]

	Computes all mixed NE of 2 player noncooperative games.
If the game is degenerate game.degenerate flag is ticked.





	Returns:	list of NE computed by method support enumeration


	Return type:	list














	
neng.support_enumeration.computeNE(game)[source]

	Function for easy calling SupportEnumeration from other modules.





	Returns:	result of support enumeration algorithm


	Return type:	list of StrategyProfile
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  Source code for neng.cmaes

#!/usr/bin/env python
# -*- coding: utf-8 -*-

#Copyright (C) 2013 Petr Šebek

#Permission is hereby granted, free of charge, to any person obtaining a copy
#of this software and associated documentation files (the "Software"), to deal
#in the Software without restriction, including without limitation the rights
#to use, copy, modify, merge, publish, distribute, sublicense, and/or sell
#copies of the Software, and to permit persons to whom the Software is
#furnished to do so, subject to the following conditions:

#The above copyright notice and this permission notice shall be included in
#all copies or substantial portions of the Software.

#THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR
#IMPLIED, INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY,
#FITNESS FOR A PARTICULAR PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE
#AUTHORS OR COPYRIGHT HOLDERS BE LIABLE FOR ANY CLAIM, DAMAGES OR OTHERWISE
#LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT OR OTHERWISE, ARISING FROM,
#OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR OTHER DEALINGS IN THE
#SOFTWARE.

from __future__ import division
import collections
import logging

import numpy as np
import scipy.optimize


[docs]class CMAES(object):
    """
    Class CMAES represent algorithm Covariance Matrix Adaptation - Evolution
    Strategy. It provides function minimization.
    """

    def __init__(self, func, N, sigma=0.3, xmean=None):
        """
        :param func: function to be minimized
        :type func: function
        :param N: number of parameter of function
        :type N: int
        :param sigma: step size of method
        :type sigma: float
        :param xmean: initial point, if None some is generated
        :type xmean: np.array
        """
        self.func = func
        self.N = N
        self.store_parameters = {'func': func,
                                 'N': N,
                                 'sigma': sigma,
                                 'xmean': xmean,
        }
        self.stopeval = 1e4 * self.N / 2
        self.stopfitness = 1e-10
        self.eigenval = 0
        # generation loop
        self.counteval = 0
        self.generation = 0
        #stop criteria
        self.stop_criteria = ("Fitness",
                              "MaxEval",
                              "NoEffectAxis",
                              "NoEffectCoord",
                              #"Stagnation",
                              "ConditionCov"
                              "TolXUp",
                              "TolFun",
                              "TolX")
        self.tolfun = 1e-12
        self.tolxup = 1e4
        self.condition_cov_max = 1e14
        self.lamda = int(4 + 3 * np.log(self.N))
        self.initVariables(sigma, xmean)

[docs]    def initVariables(self, sigma, xmean, lamda_factor=1):
        """
        Init variables that can change after restart of method, basically that
        are dependent on lamda.

        :param sigma: step size
        :type sigma: float
        :param xmean: initial point
        :type xmean: np.array
        :param lamda_factor: factor for multyplying old lambda, serves for restarting method
        :type lamda_factor: float
        """
        self.sigma = sigma
        if xmean is None:
            self.xmean = np.random.rand(self.N)
        else:
            self.xmean = xmean
        self.status = -1
        # strategy parameter setting: selection
        self.lamda *= lamda_factor
        self.mu = self.lamda / 2
        self.weights = np.array([np.log(self.mu + 0.5) - np.log(i)
                                 for i in range(1, int(self.mu) + 1)])
        self.mu = int(self.mu)
        self.weights = self.weights / np.sum(self.weights)
        self.mueff = 1 / np.sum(self.weights ** 2)
        # strategy parameter setting: adaptation
        self.cc = (4 + self.mueff / self.N) / (self.N + 4 + 2 * self.mueff / self.N)
        self.cs = (self.mueff + 2) / (self.N + self.mueff + 5)
        self.c1 = 2 / ((self.N + 1.3) ** 2 + self.mueff)
        self.cmu = min(1 - self.c1, 2 * (self.mueff - 2 + 1 / self.mueff) /
                                    ((self.N + 2) ** 2 + self.mueff))
        self.damps = 1 + 2 * max(0, np.sqrt((self.mueff - 1) /
                                            (self.N + 1)) - 1) + self.cs
        # initialize dynamic (internal) strategy parameters and constants
        self.pc = np.zeros((1, self.N))
        self.ps = np.zeros_like(self.pc)
        self.B = np.eye(self.N)
        self.D = np.eye(self.N)
        self.C = np.identity(self.N)
        self.chiN = self.N ** 0.5 * (1 - 1 / (4 * self.N) + 1 /
                                     (21 * self.N ** 2))
        # termination
        self.tolx = 1e-12 * self.sigma
        self.short_history_len = 10 + np.ceil(30 * self.N / self.lamda)
        self.long_history_len_down = 120 + 30 * self.N / self.lamda
        self.long_history_len_up = 20000
        self.history = {}
        self.history['short_best'] = collections.deque()
        self.history['long_best'] = collections.deque()
        self.history['long_median'] = collections.deque()


[docs]    def newGeneration(self):
        """
        Generate new generation of individuals.

        :rtype: np.array
        :return: new generation
        """
        self.generation += 1
        self.arz = np.random.randn(self.lamda, self.N)
        self.arx = self.xmean + self.sigma * np.dot(np.dot(self.B, self.D), self.arz.T).T
        return self.arx


[docs]    def update(self, arfitness):
        """
        Update values of method from new evaluated generation

        :param arfitness: list of function values to individuals
        :type arfitness: list
        """
        self.counteval += self.lamda
        self.arfitness = arfitness
        # sort by fitness and compute weighted mean into xmean
        self.arindex = np.argsort(self.arfitness)
        self.arfitness = self.arfitness[self.arindex]
        self.xmean = np.dot(self.arx[self.arindex[:self.mu]].T, self.weights)
        self.zmean = np.dot(self.arz[self.arindex[:self.mu]].T, self.weights)
        self.ps = np.dot((1 - self.cs), self.ps) + np.dot((np.sqrt(self.cs * (2 - self.cs) * self.mueff)),
                                                          np.dot(self.B, self.zmean))
        self.hsig = np.linalg.norm(self.ps) / np.sqrt(
            1 - (1 - self.cs) ** (2 * self.counteval / self.lamda)) / self.chiN < 1.4 + 2 / (self.N + 1)
        self.pc = np.dot((1 - self.cc), self.pc) + np.dot(
            np.dot(self.hsig, np.sqrt(self.cc * (2 - self.cc) * self.mueff)),
            np.dot(np.dot(self.B, self.D), self.zmean))
        # adapt covariance matrix C
        self.C = np.dot((1 - self.c1 - self.cmu), self.C) \
                 + np.dot(self.c1, ((self.pc * self.pc.T)
                                    + np.dot((1 - self.hsig) * self.cc * (2 - self.cc), self.C))) \
                 + np.dot(self.cmu,
                          np.dot(np.dot(np.dot(np.dot(self.B, self.D), self.arz[self.arindex[:self.mu]].T),
                                        np.diag(self.weights)),
                                 (np.dot(np.dot(self.B, self.D), self.arz[self.arindex[:self.mu]].T)).T))
        # adapt step size sigma
        self.sigma = self.sigma * np.exp((self.cs / self.damps) * (np.linalg.norm(self.ps) / self.chiN - 1))
        # diagonalization
        if self.counteval - self.eigenval > self.lamda / (self.c1 + self.cmu) / self.N / 10:
            self.eigenval = self.counteval
            self.C = np.triu(self.C) + np.triu(self.C, 1).T
            self.D, self.B = np.linalg.eig(self.C)
            self.D = np.diag(np.sqrt(self.D))
            #history
        self.history['short_best'].append(arfitness[0])
        if len(self.history['short_best']) >= self.short_history_len:
            self.history['short_best'].popleft()
        if self.generation % 5 == 0:  # last 20 %
            self.history['long_best'].append(arfitness[0])
            self.history['long_median'].append(np.median(arfitness))
        if len(self.history['long_best']) >= self.long_history_len_up:
            self.history['long_best'].popleft()
            self.history['long_median'].popleft()
        self.checkStop()
        if self.generation % 20 == 0:
            self.logState()


[docs]    def fmin(self):
        """
        Method for actual function minimization. Iterates while not end.
        If unsuccess termination criteria is met then the method is restarted
        with doubled population. If the number of maximum evaluations is
        reached or the function is acceptable minimized, iterations ends and
        result is returned.

        :rtype: scipy.optimize.Result
        """
        while self.status != 0 and self.status != 1:
            if self.status > 2:
                logging.warning("Restart due to %s", self.stop_criteria[self.status])
                self.restart(2)
            pop = self.newGeneration()
            values = np.empty(pop.shape[0])
            for i in xrange(pop.shape[0]):
                values[i] = self.func(pop[i])
            self.update(values)
        return self.result


[docs]    def restart(self, lamda_factor):
        """
        Restart whole method to initial state, but with population multiplied
        by lamda_factor.

        :param lamda_factor: multiply factor
        :type lamda_factor: int
        """
        self.initVariables(self.store_parameters['sigma'], np.random.rand(self.N), lamda_factor=lamda_factor)


[docs]    def checkStop(self):
        """
        Termination criteria of method. They are checked every iteration. If any of them is true, computation should end.

        :return: True if some termination criteria was met, False otherwise
        :rtype: bool
        """
        i = self.generation % self.N
        self.stop_conditions = (self.arfitness[0] <= self.stopfitness,
                                self.counteval > self.stopeval,
                                sum(self.xmean == self.xmean + 0.1 * self.sigma * self.D[i] * self.B[:, i]) == self.N,
                                np.any(self.xmean == self.xmean + 0.2 * self.sigma * np.sqrt(np.diag(self.C))),
                                #len(self.history['long_median']) > self.long_history_len_down and \
                                #np.median(list(itertools.islice(self.history['long_median'], int(0.7*len(self.history['long_median'])), None))) <= \
                                #np.median(list(itertools.islice(self.history['long_median'],int(0.3*len(self.history['long_median']))))),
                                np.linalg.cond(self.C) > self.condition_cov_max,
                                self.sigma * np.max(self.D) >= self.tolxup,
                                max(self.history['short_best']) - min(self.history['short_best']) <= self.tolfun and
                                self.arfitness[-1] - self.arfitness[0] <= self.tolfun,
                                np.all(self.sigma * self.pc < self.tolx) and np.all(
                                    self.sigma * np.sqrt(np.diag(self.C)) < self.tolx)
        )
        if np.any(self.stop_conditions):
            self.status = self.stop_conditions.index(True)
        return True


[docs]    def logState(self):
        """
        Function for logging the progress of method.
        """
        logging.debug(
            "generation: {generation:<5}, v: {v_function:<6.2e}, sigma: {sigma:.2e}, best: {best}, xmean: {xmean}".format(
                generation=self.generation, best=map(lambda x: round(x, 8), self.arx[self.arindex[0]]),
                v_function=self.arfitness[0], sigma=self.sigma, xmean=self.xmean))


    @property
[docs]    def result(self):
        """
        Result of computation. Not returned while minimization is in progress.

        :return: result of computation
        :rtype: scipy.optimize.Result
        """
        if self.status < 0:
            raise AttributeError("Result is not ready yet, cmaes is not finished")
        else:
            self._result = scipy.optimize.Result()
            self._result['x'] = self.arx[self.arindex[0]]
            self._result['fun'] = self.arfitness[0]
            self._result['nfev'] = self.counteval
            if self.status == 0:
                self._result['success'] = True
                self._result['status'] = self.status
                self._result['message'] = "Optimization terminated successfully."
            else:
                self._result['success'] = False
                self._result['status'] = self.status
                self._result['message'] = self.stop_criteria[self.status]
        return self._result




[docs]def fmin(func, N):
    """
    Function for easy call function minimization from other modules.

    :param func: function to be minimized
    :type func: function
    :param N: number of parameters of given function
    :type N: int
    :return: resulting statistics of computation with result
    :rtype: scipy.optimize.Result
    """
    c = CMAES(func, N)
    return c.fmin()
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  Source code for neng.strategy_profile

#!/usr/bin/env python
#-*- coding: UTF-8 -*-

# Copyright (C) 2013 Petr Šebek

# Permission is hereby granted, free of charge, to any person obtaining a copy
# of this software and associated documentation files (the "Software"), to deal
# in the Software without restriction, including without limitation the rights
# to use, copy, modify, merge, publish, distribute, sublicense, and/or sell
# copies of the Software, and to permit persons to whom the Software is
# furnished to do so, subject to the following conditions:

# The above copyright notice and this permission notice shall be included in
# all copies or substantial portions of the Software.

# THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR
# IMPLIED, INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY,
# FITNESS FOR A PARTICULAR PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE
# AUTHORS OR COPYRIGHT HOLDERS BE LIABLE FOR ANY CLAIM, DAMAGES OR OTHERWISE
# LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT OR OTHERWISE, ARISING FROM,
# OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR OTHER DEALINGS IN THE
# SOFTWARE.

from __future__ import division
import numpy as np


[docs]class StrategyProfile(object):

    """
    Wraps information about strategy profile of game.
    """

    def __init__(self, profile, shape, coordinate=False):
        """
        :param profile: one- level list of probability coefficients
        :type profile: list
        :param shape: list of number of strategies per player
        :type shape: list
        :param coordinate: if True, then profile is considered as coordinate in game universum (depict pure strategy profile)
        :type coordinate: bool
        """
        self.shape = shape
        self._list = []
        if coordinate:
            self._coordinateToDeep(profile)
        else:
            self._flatToDeep(profile)

    def _coordinateToDeep(self, coordinate):
        """
        Convert coordinate to deep strategy profile

        :param coordinate: list of numbers to convert
        :type coordinate: list
        """
        for player in xrange(len(self.shape)):
            self._list.append(np.zeros(self.shape[player]))
            self._list[player][coordinate[player]] = 1.0

    def _flatToDeep(self, profile):
        """
        Convert strategy_profile to deep strategy profile.
        It means that instead of list of length sum_shape we have got nested
        list of length num_players and inner arrays are of shape[player] length

        :param profile: strategy profile to convet
        :type profile: list
        :return: self
        """
        offset = 0
        for player, i in enumerate(self.shape):
            strategy = profile[offset:offset + i]
            self._list.append(np.array(strategy))
            offset += i
        return self

[docs]    def normalize(self):
        """
        Normalizes values in StrategyProfile, values can't be negative,
        bigger than one and sum of values of one strategy has to be 1.0.

        :return: self
        """
        for player, strategy in enumerate(self._list):
            self._list[player] = np.abs(strategy) / np.sum(np.abs(strategy))
        return self


[docs]    def copy(self):
        """
        Copy constructor for StrategyProfile. Copies content of self to new object.

        :return: StrategyProfile with same attributes
        """
        other = object.__new__(StrategyProfile)
        other._list = [x.copy() for x in self._list]
        other.shape = self.shape[:]
        return other


[docs]    def randomize(self):
        """
        Makes strategy of every player random.

        :return: self
        """
        for player in xrange(len(self.shape)):
            self.randomizePlayerStrategy(player)
        return self


[docs]    def randomizePlayerStrategy(self, player):
        """
        Makes strategy of player random.

        :param player: player, whos strategy will be randomized
        :type player: int
        :return: self
        """
        self._list[player] = np.random.rand(self.shape[player])
        return self


[docs]    def updateWithPureStrategy(self, player, pure_strategy):
        """
        Replaces strategy of player with pure_strategy

        :param player: order of player
        :type player: int
        :param pure_strategy: order of strategy to be pure
        :type pure_strategy: int
        :return: self
        """
        self._list[player] = np.zeros_like(self._list[player])
        self._list[player][pure_strategy] = 1.0
        return self


    def __str__(self):
        result = ''
        flat_profile = [item for sublist in self._list for item in sublist]
        result += ', '.join(map(str, flat_profile))
        return result

    def __repr__(self):
        return self._list.__repr__()

    def __setitem__(self, key, value):
        if self.shape[key] != len(value):
            raise IndexError(
                "Strategy has to be same length as corresponding shape value is.")
        else:
            self._list.__setitem__(key, value)

    def __getitem__(self, item):
        return self._list.__getitem__(item)

    def __eq__(self, other):
        if len(self._list) != len(other._list):
            return False
        for self_player, other_player in zip(self._list, other._list):
            if (self_player != other_player).any():
                return False
        return True
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  All modules for which code is available


		neng.cmaes


		neng.game


		neng.game_reader


		neng.neng


		neng.strategy_profile


		neng.support_enumeration
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  Source code for neng.support_enumeration

#!/usr/bin/env python
# -*- coding: utf-8 -*-

#Copyright (C) 2013 Petr Šebek

#Permission is hereby granted, free of charge, to any person obtaining a copy
#of this software and associated documentation files (the "Software"), to deal
#in the Software without restriction, including without limitation the rights
#to use, copy, modify, merge, publish, distribute, sublicense, and/or sell
#copies of the Software, and to permit persons to whom the Software is
#furnished to do so, subject to the following conditions:

#The above copyright notice and this permission notice shall be included in
#all copies or substantial portions of the Software.

#THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR
#IMPLIED, INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY,
#FITNESS FOR A PARTICULAR PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE
#AUTHORS OR COPYRIGHT HOLDERS BE LIABLE FOR ANY CLAIM, DAMAGES OR OTHERWISE
#LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT OR OTHERWISE, ARISING FROM,
#OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR OTHER DEALINGS IN THE
#SOFTWARE.

import logging
import itertools

import numpy as np

import strategy_profile as sp


[docs]class SupportEnumeration(object):
    """
    Class providing support enumeration method for finding all mixed Nash
    equilibria in two-players games.
    """

    def __init__(self, game):
        self.game = game

[docs]    def getEquationSet(self, combination, player, num_supports):
        R"""
        Return set of equations for given player and combination of strategies
        for 2 players games in support_enumeration

        This function returns matrix to compute (Nisan algorithm 3.4)


        For given :math:`I` (subset of strategies) of player 1 we can write down next
        equations:

        .. math::

            \sum_{i \in I} x_i b_{ij} = v \\
            \sum_{i \in I} x_i = 1

        Where :math:`x_i` is probability of ith strategy, :math:`b_{ij}` is payoff for player
        2 with strategies :math:`i \in I, j \in J`, :math:`v` payoff for player 1

        In matrix form (k = num_supports):

        .. math::

            \begin{pmatrix}
            b_{11} & b_{12} & \cdots & b_{1k} & -1 \\
            b_{21} & b_{22} & \cdots & b_{2k} & -1 \\
            \vdots  & \vdots  & \ddots & \vdots & -1 \\
            b_{k1} & b_{k2} & \cdots & b_{kk} & -1 \\
            1      &    1   & \cdots &  1     &  0
            \end{pmatrix}
            \begin{pmatrix}
            x_1 \\
            x_2 \\
            \vdots \\
            x_k \\
            v
            \end{pmatrix}
            =
            \begin{pmatrix}
            0 \\
            0 \\
            \vdots \\
            0 \\
            1
            \end{pmatrix}

        Analogically for result y for player 2 with payoff matrix A

        :param combination: combination of strategies to make equation set
        :type combination: tuple
        :param player: order of player for whom the equation will be computed
        :type player: int
        :param num_supports: number of supports for player
        :type num_supports: int
        :return: equation matrix for solving in np.linalg.solve
        :rtype: np.array
        """
        row_index = np.zeros(self.game.shape[0], dtype=bool)
        col_index = np.zeros(self.game.shape[1], dtype=bool)
        row_index[list(combination[0])] = True
        col_index[list(combination[1])] = True
        numbers = self.game.array[(player + 1) % 2][row_index][:, col_index]
        last_row = np.ones((1, num_supports + 1))
        last_row[0][-1] = 0
        last_column = np.ones((num_supports, 1)) * -1
        if player == 0:
            numbers = numbers.T
        numbers = np.hstack((numbers, last_column))
        numbers = np.vstack((numbers, last_row))
        return numbers


[docs]    def supportEnumeration(self):
        """
        Computes all mixed NE of 2 player noncooperative games.
        If the game is degenerate game.degenerate flag is ticked.

        :return: list of NE computed by method support enumeration
        :rtype: list
        """
        result = []
        # for every numbers of supports
        for num_supports in xrange(1, min(self.game.shape) + 1):
            logging.debug("Support enumearation for num_supports: {0}".format(num_supports))
            supports = []
            equal = [0] * num_supports
            equal.append(1)
            # all combinations of support length num_supports
            for player in xrange(self.game.num_players):
                supports.append(itertools.combinations(
                    xrange(self.game.shape[player]), num_supports))
                # cartesian product of combinations of both player
            for combination in itertools.product(supports[0], supports[1]):
                mne = []
                is_mne = True
                # for both player compute set of equations
                for player in xrange(self.game.num_players):
                    equations = self.getEquationSet(combination, player,
                                                    num_supports)
                    try:
                        equations_result = np.linalg.solve(equations, equal)
                    except np.linalg.LinAlgError:  # unsolvable equations
                        is_mne = False
                        break
                    probabilities = equations_result[:-1]
                    # all probabilities are nonnegative
                    if not np.all(probabilities >= 0):
                        is_mne = False
                        break
                    player_strategy_profile = np.zeros(self.game.shape[player])
                    player_strategy_profile[list(combination[player])] = probabilities
                    mne.append(player_strategy_profile)
                    #best response
                if is_mne:
                    mne_flat = list(mne[0][:]) + list(mne[1][:])
                    prof = sp.StrategyProfile(mne_flat, self.game.shape)
                    for player in xrange(self.game.num_players):
                        if not self.game.isMixedBestResponse(player, prof):
                            is_mne = False
                            break
                if is_mne:
                    result.append(sp.StrategyProfile([item for sublist in mne for item in sublist], self.game.shape))
        return result




[docs]def computeNE(game):
    """
    Function for easy calling SupportEnumeration from other modules.

    :return: result of support enumeration algorithm
    :rtype: list of StrategyProfile
    """
    se = SupportEnumeration(game)
    return se.supportEnumeration()
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  Source code for neng.game_reader

#!/usr/bin/env python2.7
# -*- coding: utf-8 -*-

# Copyright (C) 2013 Petr Šebek

# Permission is hereby granted, free of charge, to any person obtaining a copy
# of this software and associated documentation files (the "Software"), to deal
# in the Software without restriction, including without limitation the rights
# to use, copy, modify, merge, publish, distribute, sublicense, and/or sell
# copies of the Software, and to permit persons to whom the Software is
# furnished to do so, subject to the following conditions:

# The above copyright notice and this permission notice shall be included in
# all copies or substantial portions of the Software.

# THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR
# IMPLIED, INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY,
# FITNESS FOR A PARTICULAR PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE
# AUTHORS OR COPYRIGHT HOLDERS BE LIABLE FOR ANY CLAIM, DAMAGES OR OTHERWISE
# LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT OR OTHERWISE, ARISING FROM,
# OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR OTHER DEALINGS IN THE
# SOFTWARE.

import shlex
from operator import mul
import os.path

import numpy as np
from functools import reduce


[docs]class GameReader(object):

    '''
    Read games from different file formats (.nfg payoff, .nfg outcome), see
    http://www.gambit-project.org/doc/formats.html for more information.
    '''
    def __init__(self):
        self.game = {}

[docs]    def readStr(self, string):
        """
        Base function that convert text to tokens a determine which

        :param string: string with nfg formated text
        :type string: str
        :return: dictionary with game informations
        :rtype: dict
        :raise: Exception, if the string is not in specified format
        """
        self.game.clear()
        self.tokens = shlex.split(string)
        preface = ["NFG", "1", "R"]
        if self.tokens[:3] != preface:
            raise Exception("Input string is not valid nfg format")
        self.game['name'] = self.tokens[3]
        self.brackets = [i for i, x in enumerate(
            self.tokens) if x == "{" or x == "}"]
        if len(self.brackets) == 4:
            self._nfgPayoff()
        else:
            self._nfgOutcome()
        self.game['sum_shape'] = sum(self.game['shape'])
        self.game['array'] = []
        for player in xrange(self.game['num_players']):
            self.game['array'].append(np.ndarray(
                self.game['shape'], dtype=float, order="F"))
        it = np.nditer(self.game['array'][0], flags=['multi_index', 'refs_ok'])
        index = 0
        while not it.finished:
            for player in xrange(self.game['num_players']):
                self.game['array'][player][
                    it.multi_index] = self.payoffs[index][player]
            it.iternext()
            index += 1
        return self.game


[docs]    def readFile(self, file):
        """
        Read content of nfg file.

        :param file: path to file
        :type file: str
        :return: dictionary with game informations
        :rtype: dict
        """
        with open(file) as f:
            return self.readStr(f.read())


    def _nfgPayoff(self):
        """
        Reads content of tokens in nfg payoff format.
        """
        self.game['players'] = self.tokens[
            self.brackets[0] + 1:self.brackets[1]]
        self.game['num_players'] = len(self.game['players'])
        self.game['shape'] = self.tokens[self.brackets[2] + 1:self.brackets[3]]
        self.game['shape'] = map(int, self.game['shape'])
        payoffs_flat = self.tokens[self.brackets[3] + 1:self.brackets[3] + 1 +
                                   reduce(mul, self.game['shape']) * self.game['num_players']]
        payoffs_flat = map(float, payoffs_flat)
        self.payoffs = []
        for i in xrange(0, len(payoffs_flat), self.game['num_players']):
            self.payoffs.append(payoffs_flat[i:i + self.game['num_players']])

    def _nfgOutcome(self):
        """
        Reads content of tokens in nfg outcome format.
        """
        brackets_pairs = []
        for i in self.brackets:
            if self.tokens[i] == "{":
                brackets_pairs.append([i])
            if self.tokens[i] == "}":
                pair = -1
                while len(brackets_pairs[pair]) != 1:
                    pair -= 1
                brackets_pairs[pair].append(i)
        self.game['players'] = self.tokens[
            self.brackets[0] + 1:self.brackets[1]]
        self.game['num_players'] = len(self.game['players'])
        i = 2
        self.game['shape'] = []
        while brackets_pairs[i][1] < brackets_pairs[1][1]:
            self.game['shape'].append(brackets_pairs[
                                      i][1] - brackets_pairs[i][0] - 1)
            i += 1
        after_brackets = brackets_pairs[i][1] + 1
        i += 1
        outcomes = [[0] * self.game['num_players']]
        for i in xrange(i, len(brackets_pairs)):
            outcomes.append(
                map(lambda x: float(x.translate(None, ',')),
                    self.tokens[brackets_pairs[i][0] + 2:brackets_pairs[i][1]]))
        self.payoffs = [outcomes[out]
                        for out in map(int, self.tokens[after_brackets:])]



[docs]def read(content):
    gr = GameReader()
    if os.path.isfile(content):
        return gr.readFile(content)
    else:
        return gr.readStr(content)
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  Source code for neng.neng

#!/usr/bin/env python2.7
# -*- coding: utf-8 -*-

# Copyright (C) 2013 Petr Šebek

# Permission is hereby granted, free of charge, to any person obtaining a copy
# of this software and associated documentation files (the "Software"), to deal
# in the Software without restriction, including without limitation the rights
# to use, copy, modify, merge, publish, distribute, sublicense, and/or sell
# copies of the Software, and to permit persons to whom the Software is
# furnished to do so, subject to the following conditions:

# The above copyright notice and this permission notice shall be included in
# all copies or substantial portions of the Software.

# THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR
# IMPLIED, INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY,
# FITNESS FOR A PARTICULAR PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE
# AUTHORS OR COPYRIGHT HOLDERS BE LIABLE FOR ANY CLAIM, DAMAGES OR OTHERWISE
# LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT OR OTHERWISE, ARISING FROM,
# OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR OTHER DEALINGS IN THE
# SOFTWARE.

import argparse
import time
import game
import logging
import sys


[docs]def parse_args():
    """
    Parse arguments of script.

    :return: parsed arguments
    :rtype: dict
    """
    parser = argparse.ArgumentParser(
        formatter_class=argparse.RawDescriptionHelpFormatter,
        description="""
NenG - Nash Equilibrium Noncooperative game.Games.
Tool for computing Nash equilibria in noncooperative games.
Specifically:
All pure Nash equilibria in all games (--method=pne).
All mixed Nash equilibria in two-players games (--method=support_enumeration).
One sample mixed Nash equilibria in n-players games (--method={CMAES,L-BFGS-B,SLSQP}).
""")
    pa = parser.add_argument
    pa('-f', '--file', required=True, help="File where game in nfg format is saved.")
    pa('-m', '--method', default='CMAES', choices=game.Game.METHODS,
       help="Method to use for computing Nash equlibria.")
    pa('-e', '--elimination', action='store_true', default=False,
       help="Use Iterative Elimination of Strictly Dominated Strategies before computing NE.")
    pa('-p', '--payoff', action='store_true', default=False,
       help="Print also players payoff with each Nash equilibrium.")
    pa('-c', '--checkNE', action='store_true', default=False,
       help="After computation check if found strategy profile is really Nash equilibrium.")
    pa('-t', '--trim', choices=('normalization', 'penalization'), default='normalization',
       help="Method for keeping strategy profile in probability distribution universum.")
    pa('-l', '--log', default="WARNING",
        choices=("DEBUG", "INFO", "WARNING", "ERROR", "CRITICAL"),
        help="Level of logs to save/print")
    pa('--log-file', default=None, help='Log file. If omitted log is printed to stdout.')
    return parser.parse_args()



[docs]def main(args):
    """
    Main method of script. Based on information from arguments executes needed
    commands.

    :param args: output of argument parsing
    :type args: dict
    """
    logging.basicConfig(level=getattr(logging, args.log.upper(), None),
                        format="%(levelname)s, %(asctime)s, %(message)s", filename=args.log_file)
    with open(args.file) as f:
        game_str = f.read()
    start = time.time()
    g = game.Game(game_str, args.trim)
    logging.debug("Reading the game took: {0} s".format(time.time() - start))
    if args.elimination:
        g.IESDS()
    result = g.findEquilibria(args.method)
    if result is not None:
        if args.checkNE:
            success = g.checkNEs(result)
        else:
            success = True
        if success:
            print g.printNE(result, payoff=args.payoff)
        else:
            sys.exit("Nash equilibria did not pass the test.")
    else:
        sys.exit("Nash equilibrium was not found.")


if __name__ == '__main__':
    args = parse_args()
    main(args)
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  Source code for neng.game

#!/usr/bin/env python2.7
# -*- coding: utf-8 -*-

# Copyright (C) 2013 Petr Šebek

# Permission is hereby granted, free of charge, to any person obtaining a copy
# of this software and associated documentation files (the "Software"), to deal
# in the Software without restriction, including without limitation the rights
# to use, copy, modify, merge, publish, distribute, sublicense, and/or sell
# copies of the Software, and to permit persons to whom the Software is
# furnished to do so, subject to the following conditions:

# The above copyright notice and this permission notice shall be included in
# all copies or substantial portions of the Software.

# THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS OR
# IMPLIED, INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY,
# FITNESS FOR A PARTICULAR PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE
# AUTHORS OR COPYRIGHT HOLDERS BE LIABLE FOR ANY CLAIM, DAMAGES OR OTHERWISE
# LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT OR OTHERWISE, ARISING FROM,
# OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR OTHER DEALINGS IN THE
# SOFTWARE.

from __future__ import division
from operator import mul
import logging

import numpy as np
import scipy.optimize

import cmaes
import support_enumeration
import strategy_profile as sp
import game_reader
from functools import reduce


[docs]class Game(object):

    """
    Class Game wrap around all informations of noncooperative game. Also
    it provides basic analyzation of game, like pureBestResponse, if the game
    is degenerate. It also contains an algorithm for iterative elimination
    of strictly dominated strategies and can compute pure Nash equilibria
    using brute force.

    usage:
        >>> g = Game(game_str)
        >>> ne = g.findEquilibria(method='pne')
        >>> print g.printNE(ne)
    """
    METHODS = ['L-BFGS-B', 'SLSQP', 'CMAES', 'support_enumeration', 'pne']

    def __init__(self, nfg, trim='normalization'):
        """
        Initialize basic attributes in Game

        :param nfg: string containing the game in nfg format
        :type nfg: str
        :param trim: method of assuring that strategy profile lies in Delta space,'normalization'|'penalization'
        :type trim: str
        """
        game_info = game_reader.read(nfg)
        self.__dict__.update(game_info)
        self.deltaAssuranceMethod = trim
        self.players_zeros = np.zeros(self.num_players)
        self.brs = None
        self.degenerate = None
        self.deleted_strategies = None

[docs]    def pureBestResponse(self, player, strategy):
        """
        Computes pure best response strategy profile for given opponent strategy
        and player

        :param player: player who should respond
        :type player: int
        :param strategy: opponnet strategy
        :type strategy: list
        :return: set of best response strategies
        :rtype: set of coordinates
        """
        strategy = list(strategy)
        result = set()
        strategy[player] = slice(None)  # all possible strategies for 'player'
        payoffs = self.array[player][strategy]
        max_payoff = np.max(payoffs)
        # numbers of best responses strategies
        brs = [index for index, br in enumerate(payoffs) if br == max_payoff]
        for br in brs:
            s = strategy[:]
            s[player] = br
            # made whole strategy profile, not just one strategy
            result.add(tuple(s))
        return result


[docs]    def isMixedBestResponse(self, player, strategy_profile):
        """
        Check if strategy of player from strategy_profile is best response
        for opponent strategies.

        :param player: player who should respond
        :type player: int
        :param strategy_profile: strategy profile
        :type strategy: StrategyProfile
        :return: True if strategy_profile[players] is best response
        :rtype: bool
        """
        player_support = np.nonzero(strategy_profile[player])[0]
        payoffs = np.empty_like(strategy_profile[player])
        for strategy in xrange(self.shape[player]):
            payoffs[strategy] = self.payoff(strategy_profile, player, strategy)
        maximum = np.max(payoffs)
        br = np.where(np.abs(payoffs - maximum) < 1e-4)[0]
        if np.all(player_support == br):
            return True
        else:
            return False


[docs]    def getPNE(self):
        """
        Function computes pure Nash equlibria using brute force algorithm.

        :return: list of StrategyProfile that are pure Nash equilibria
        :rtype: list
        """
        self.brs = [set() for i in xrange(self.num_players)]
        for player in xrange(self.num_players):
            p_view = self.shape[:]
            p_view[player] = 1
            # get all possible opponent strategy profiles to 'player'
            for strategy in np.ndindex(*p_view):
                # add to list of best responses
                self.brs[player].update(
                    self.pureBestResponse(player, strategy))
                # check degeneration of a game
        self.degenerate = self.isDegenerate()
        # PNE is where all player have best response
        ne_coordinates = set.intersection(*self.brs)
        result = map(lambda coordinate: sp.StrategyProfile(
            coordinate, self.shape, coordinate=True), ne_coordinates)
        return result


[docs]    def getDominatedStrategies(self):
        """
        :return: list of dominated strategies per player
        :rtype: list
        """
        empty = [slice(None)] * self.num_players
        result = []
        for player in xrange(self.num_players):
            s1 = empty[:]
            strategies = []
            dominated_strategies = []
            for strategy in xrange(self.shape[player]):
                s1[player] = strategy
                strategies.append(self.array[player][s1])
            for strategy in xrange(self.shape[player]):
                dominated = False
                for strategy2 in xrange(self.shape[player]):
                    if strategy == strategy2:
                        continue
                    elif (strategies[strategy] < strategies[strategy2]).all():
                        dominated = True
                        break
                if dominated:
                    dominated_strategies.append(strategy)
            result.append(dominated_strategies)
        return result


[docs]    def IESDS(self):
        """
        Iterative elimination of strictly dominated strategies.

        Eliminates all strict dominated strategies, preserve self.array and
        self.shape in self.init_array and self.init_shape. Stores numbers of
        deleted strategies in self.deleted_strategies. Deletes strategies
        from self.array and updates self.shape.
        """
        self.init_array = self.array[:]
        self.init_shape = self.shape[:]
        self.deleted_strategies = [np.array([], dtype=int)
                                   for player in xrange(self.num_players)]
        dominated_strategies = self.getDominatedStrategies()
        while sum(map(len, dominated_strategies)) != 0:
            logging.debug("Dominated strategies to delete: {0}".format(
                dominated_strategies))
            for player, strategies in enumerate(dominated_strategies):
                for p in xrange(self.num_players):
                    self.array[p] = np.delete(
                        self.array[p], strategies, player)
                for strategy in strategies:
                    original_strategy = strategy
                    while original_strategy in self.deleted_strategies[player]:
                        original_strategy += 1
                    self.deleted_strategies[player] = np.append(
                        self.deleted_strategies[player],
                        original_strategy)
                self.shape[player] -= len(strategies)
            self.sum_shape = sum(self.shape)
            dominated_strategies = self.getDominatedStrategies()
        for player in xrange(self.num_players):
            self.deleted_strategies[player].sort()


[docs]    def isDegenerate(self):
        """
        Degenerate game is defined for two-players games and there can be
        infinite number of mixed Nash equilibria.

        :return: True if game is said as degenerated
        :rtype: bool
        """
        if self.num_players != 2:
            return False
        if self.brs is None:
            self.getPNE()
        num_brs = [len(x) for x in self.brs]
        num_strategies = [reduce(mul, self.shape[:k] + self.shape[(k + 1):])
                          for k in xrange(self.num_players)]
        if num_brs != num_strategies:
            logging.warning("Game is degenerate.")
            return True
        else:
            return False


[docs]    def LyapunovFunction(self, strategy_profile_flat):
        r"""
        Lyapunov function. If LyapunovFunction(p) == 0 then p is NE.

        .. math::

            x_{ij}(p)           & = u_{i}(si, p_i) \\
            y_{ij}(p)           & = x_{ij}(p) - u_i(p) \\
            z_{ij}(p)           & = \max[y_{ij}(p), 0] \\
            LyapunovFunction(p) & = \sum_{i \in N} \sum_{1 \leq j \leq \mu} z_{ij}(p)^2

        Beside this function we need that strategy_profile is in universum
        Delta (basicaly to have character of probabilities for each player).
        We can assure this with two methods: normalization and penalization.

        :param strategy_profile_flat: list of parameters to function
        :type strategy_profile_flat: list
        :return: value of Lyapunov function in given strategy profile
        :rtype: float
        """
        v = 0.0
        acc = 0
        strategy_profile = sp.StrategyProfile(
            strategy_profile_flat, self.shape)
        if self.deltaAssuranceMethod == 'normalization':
            strategy_profile.normalize()
        else:
            strategy_profile_repaired = np.clip(strategy_profile_flat, 0, 1)
            out_of_box_penalty = np.sum((
                strategy_profile_flat - strategy_profile_repaired) ** 2)
            v += out_of_box_penalty
        for player in range(self.num_players):
            u = self.payoff(strategy_profile, player)
            if self.deltaAssuranceMethod == 'penalization':
                one_sum_penalty = (1 - np.sum(strategy_profile[player])) ** 2
                v += one_sum_penalty
            acc += self.shape[player]
            for pure_strategy in range(self.shape[player]):
                x = self.payoff(strategy_profile, player, pure_strategy)
                z = x - u
                g = max(z, 0.0)
                v += g ** 2
        return v


[docs]    def payoff(self, strategy_profile, player, pure_strategy=None):
        """
        Function to compute payoff of given strategy_profile.

        :param strategy_profile: strategy profile of all players
        :type strategy_profile: StrategyProfile
        :param player: player for whom the payoff is computed
        :type player: int
        :param pure_strategy: if not None player strategy will be replaced by pure strategy of that number
        :type pure_strategy: int
        :return: value of payoff
        :rtype: float
        """
        sp = strategy_profile.copy()
        if pure_strategy is not None:
            sp.updateWithPureStrategy(player, pure_strategy)
        # make product of each probability, returns num_players-dimensional
        # array
        product = reduce(lambda x, y: np.tensordot(x, y, 0), sp)
        result = np.sum(product * self.array[player])
        return result


[docs]    def findEquilibria(self, method='CMAES'):
        """
        Find all equilibria, using method

        :param method: of computing equilibria
        :type method: str, one of Game.METHODS
        :return: list of NE, if not found returns None
        :rtype: list of StrategyProfile
        """
        if method == 'pne':
            result = self.getPNE()
            if len(result) == 0:
                return None
            else:
                return result
        elif self.num_players == 2 and method == 'support_enumeration':
            result = support_enumeration.computeNE(self)
            self.degenerate = self.isDegenerate()
            if len(result) == 0:
                return None
            else:
                return result
        elif method == 'CMAES':
            result = cmaes.fmin(self.LyapunovFunction, self.sum_shape)
        elif method in self.METHODS:
            result = scipy.optimize.minimize(self.LyapunovFunction,
                                             np.random.rand(self.sum_shape),
                                             method=method, tol=1e-10,
                                             options={"maxiter": 1e3 * self.sum_shape ** 2})
        logging.info(result)
        if result.success:
            r = [sp.StrategyProfile(result.x, self.shape)]
            return r
        else:
            return None


    def __str__(self):
        """
        Output in nfg payoff format.

        :return: game in nfg payoff format
        :rtype: str
        """
        result = "NFG 1 R "
        result += "\"" + self.name + "\"\n"
        result += "{ "
        result += " ".join(map(lambda x: "\"" + x + "\"", self.players))
        result += " } { "
        result += " ".join(map(str, self.shape))
        result += " }\n\n"
        it = np.nditer(self.array[
                       0], order='F', flags=['multi_index', 'refs_ok'])
        payoffs = []
        while not it.finished:
            for player in xrange(self.num_players):
                payoffs.append(self.array[player][it.multi_index])
            it.iternext()
        result += " ".join(map(str, payoffs))
        return result

[docs]    def printNE(self, nes, payoff=False):
        """
        Print Nash equilibria with with some statistics

        :param nes: list of Nash equilibria
        :type nes: list of StrategyProfile
        :param payoff: flag to print payoff of each player
        :type payoff: bool
        :return: string to print
        :rtype: str
        """
        lines = []
        for ne in nes:
            ne_copy = ne.copy().normalize()
            self._addDeletedStrategies(ne_copy)
            lines.append("NE " + str(ne_copy))
            if payoff:
                s = [("{0}: {1:.3f}".format(self.players[player],
                                            self.payoff(ne_copy, player)))
                     for player in xrange(self.num_players)]
                lines.append("Payoff> " + ", ".join(s))
        return "\n".join(lines)


    def _addDeletedStrategies(self, sp):
        """
        Assure that strategy profile is in same shape as in the beginning.
        It could change because of IESDS and deleted strategies. If so add
        strategies with zero probability.

        :param sp: strategy profile to potentially extend
        :type sp: StrategyProfile
        :return: changed strategy profiles
        :rtype: StrategyProfile
        """
        if self.deleted_strategies is not None:
            for player in xrange(self.num_players):
                for deleted_strategy in self.deleted_strategies[player]:
                    sp[player].insert(deleted_strategy, 0.0)
                    sp._shape[player] += 1
        return sp

[docs]    def checkNEs(self, nes):
        """
        Check if given container of strategy profiles contains only Nash
        equlibria.

        :param nes: container of strategy profiles to examine
        :type list: iterable of strategy profiles
        :return: whether every strategy profile pass NE test
        :rtype: boool
        """
        result = True
        for sp in nes:
            sp_copy = sp.copy().normalize()
            if not self.checkBestResponses(sp_copy):
                result = False
                logging.warning('Strategy profile {0} is not a Nash equilibrium.'.format(sp_copy))
        if result:
            logging.info("Nash equilibrium test passed for all strategy profiles.")
        return result


[docs]    def checkBestResponses(self, strategy_profile):
        """
        Check if every strategy of strategy profile is best response to other
        strategies.

        :param strategy_profile: examined strategy profile
        :type strategy_profile: StrategyProfile
        :return: whether every strategy is best response to others
        :rtype: bool
        """
        for player in xrange(self.num_players):
            if not self.isMixedBestResponse(player, strategy_profile):
                return False
        return True
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